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ABSTRACT 

The structural response under the earthquake excitations can be simulated by scaled-down model shake table tests or full-scale 
model shake table tests. In this paper, adaptive control theory is used as a nonlinear shake table control algorithm which 
considers the inherent nonlinearity of the shake table system and the Control-Structural Interaction (CSI) effect that the linear 
controller cannot consider, such as the Proportional-Integral-Derivative (PID) controller. The mass of the specimen can be 
assumed as an unknown variation and the unknown parameter will be replaced by an estimated value in the proposed control 
framework. The signal generated by the control law of the adaptive control method will be implemented by a loop-shaping 
controller. To verify the stability and feasibility of the proposed control framework, a simulation of a bare shake table and 
experiments with a bare shake table with a two-story frame were carried out. This study randomly selects Earthquake recordings 
from the Pacific Earthquake Engineering Research Center (PEER) database. The simulation and experimental results show that 
the proposed control framework can be effectively used in shake table control. 

Keywords: Nonlinear control, Control-Structure Interaction (CSI) effect, computer vision, shake table test. 

INTRODUCTION 

In earthquake engineering, shake table control is an important issue. The main difficulty for the shake table control is that the 
upper structure’s dynamic behaviour will affect the shake table's dynamic behaviour. The main control algorithm for the shake 
table test is the PID control and three-variable control [1-2]. However, these two controllers are linear controllers, which cannot 
consider the CSI effect. A series of nonlinear controllers have been proposed recently to compensate for the CSI effect and 
improve the tracking performance in displacement, velocity, and acceleration [3-4].  

Enokida et al [5] proposed the nonlinear signal-based control framework for a uniaxial shake table with a nonlinear upper 
structure, which can be designed by using the classical control theory and expressed as the form of the transfer function. The 
proposed control framework was verified by both simulation and experiments. The results show the output of nonlinear signal-
based control can achieve nearly 100% accuracy. Yang et al [6] proposed a Lyapunov-based nonlinear control algorithm and 
the shake table test with a one-sixth-scaled model was carried out the prove the performance and stability of the proposed 
control framework. The results present that the proposed control method is not only a viable alternative but also improves the 
quality of the shake table tests. Xiao et al [7] proposed a nonlinear backstepping control algorithm with a high-gain observer 
used to provide accurate feedback signals.  

Adaptive control has been proposed and used in the shake table control [8-10]. The main purpose of adaptive control is to 
maintain the consistent performance of a system in the presence of unknown variations. Adaptive control has two main methods, 
one is the model reference adaptive control, and the other is self-tuning adaptive control. In this paper, the model reference 
adaptive control is adopted. The mass of the upper structure is assumed as an unknown parameter. The proposed control 
framework is verified by both simulation and experiments.  
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Since the proposed control framework requires displacement, velocity, and acceleration feedback, the traditional method is to 
use a linear pot and LVDT to measure the displacement of the upper structure and the shake table. The displacement of the 
upper structure and shake table can also be measured by using computer vision methods (e.g., [11]). More details will be 
discussed in Section 5. 

METHODOLOGY 

The final control law will be obtained in this section based on the adaptive control theory and the physical model of a uniaxial 
shake table model with a two-degrees of freedom system. 

Dynamic equilibrium equation and state space equation 

The physical model is shown in Figure (1). The dynamics equilibrium equation can be obtained and shown in Equation (1). 

𝐹 = 𝑚!𝑑̈! +𝑚"𝑑̈" +𝑚#𝑑̈# (1) 
 

 
Figure 1 Physical model of the shake table with a two degree of freedom system [7] 

where 𝐹 is the force from the actuator. 𝑑! , 𝑑", 𝑑# are the displacement of the shake table, the first level of the upper structure 
and the second level of the upper structure respectively. 𝑑! ,̇ 	𝑑",̇ 	𝑑#̇ are the velocity of shake table, the first level of the upper 
structure and second level of the upper structure. 𝑑!̈ , 𝑑"̈, 𝑑#̈ are the acceleration of shake table, the first level of the upper 
structure and second level of the upper structure. 𝑚! , 𝑚", 𝑚# are the mass of the shake table, the first level of the upper structure 
and the second level of the upper structure. 𝑘" and 𝑘# are the stiffness of the first and second floors. 𝑐" and 𝑐# are the damping 
ratios of the first and second floors.  

The dynamic equilibrium equation can be rewritten as the state space equation form, which is shown in Equation (2). 
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Derivation of the control law 

The augmented matrix 𝑿(𝑡) = >𝑿𝒑𝑻(𝑡) 𝑿𝒄𝑻(𝑡)?
(
 (the dimension of 𝑿(𝑡) is is valued 𝑅)) is shown in Equation (3). 

𝑿̇(𝑡) = 𝑨 ∙ 𝑿(𝑡) + 𝑩 ∙∧∙ 𝐹 + 𝑩 ∙ 𝑾𝒑( ∙ 𝝈𝒑(𝑡) + 𝑩𝒓 ∙ 𝒄(𝑡) (3) 
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R.	𝑬𝒑 is matrix 0/%0/. 𝑬𝒓 is matrix 𝑰𝒏𝒄𝑿𝒏𝒄 [12]. 𝑿𝒄 is shown in Equation (4). 

𝑿̇𝒄(𝑡) = 𝑬𝒓 ∙ 𝑿𝒄(𝑡) − 𝒄(𝑡) (4) 

where 𝒄(𝑡) is shown in Equation (5). 

𝒄(𝑡) = 𝑬𝒓 ∙ 𝒓(𝑡) − 𝒓̇(𝑡) (5) 
where 𝒓 is the matrix of reference input valued 𝑅!!. 
 
Equation (3) can be rewritten as Equation (6). 
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𝑿̇(𝑡) = 𝑨𝒓 ∙ 𝑿(𝑡) + 𝑩𝒓 ∙ 𝒄(𝑡) + 𝑩 ∙∧∙ [−𝑲 ∙ 𝑿(𝑡) + 𝐹 +∧1"∙ 𝑾𝒑𝑻 ∙ 𝝈𝒑(𝑡)] (6) 

where 𝑲 = [𝑲𝒑 𝑲𝒓]. 𝑲 is valued 𝑅.	0	). 𝑨 = 𝑨𝒓 −𝑩 ∙ 𝑲. 𝑲𝒑 and 𝑲𝒓 is a constant matrix with dimension of 𝑅.0/%. 𝑲𝒑 and 
𝑲𝒓 should be selected such that the eigenvalue of 𝐴3 have the strictly negative real part. Define 𝑾( = [∧1"∙ 𝑾𝒑( 𝑰], ∅ =
[𝝈𝒑(𝑡) −𝑲 ∙ 𝑿(𝑡)](, where 𝑾𝑻 include an unknown parameter, ∅ is a known parameter. So, Equation (6) can be rewritten 
as Equation (7). 

𝑿̇(𝑡) = 𝑨𝒓 ∙ 𝑿(𝑡) + 𝑩𝒓 ∙ 𝒄(𝑡) + 𝑩 ∙∧∙ [𝐹 +𝑾( ∙ ∅] (7) 

The equation of the reference model can be expressed as Equation (8) 

𝑿̇𝒓(𝑡) = 𝑨𝒓 ∙ 𝑿𝒓(𝑡) + 𝑩𝒓 ∙ 𝒄(𝑡) (8) 

where 𝑿𝒓(𝑡) = >𝑿𝒑𝒓𝑻 (𝑡) 𝒓(?(. 
 
Based on Equation (7) and Equation (8), the response of the shake table test under the earthquake excitation will track the 
reference trajectory provided by the reference model when the adaptive control law is 𝐹 = −𝑾𝑻 ∙ ∅. 
 
Since 𝑊( is an unknown parameter, so an estimated value 𝑊̀(	is used to replace the unknown parameter. Hence the adaptive 
control law will be expressed as 𝐹 = −𝑾a𝑻 ∙ ∅, and the error between the actual value and the estimated value can be expressed 
as 𝑾b =𝑾a−𝑾. Equation (7) can be rewritten as Equation (9). 

𝑿̇(𝑡) = 𝑨𝒓 ∙ 𝑿(𝑡) + 𝑩𝒓 ∙ 𝒄(𝑡) − 𝑩 ∙∧∙ 𝑾b( ∙ ∅ (9) 

𝒆 = 	𝑿(𝑡) − 𝑿𝒓(𝑡) is defined as the error between the control system and the reference model, and the time derivative of 𝒆 can 
be expressed as Equation (10). 

𝒆̇ = 𝑨𝒓 ∙ 	𝒆 − 𝑩 ∙∧∙ 𝑾b𝑻 ∙ ∅ (10) 

The stability of the proposed control algorithm should be proved by the Lyapunov theory. The Lyapunov function candidate 
can be expressed as Equation (11), which is a positive definition function. 

𝑉 = 𝒆( ∙ 𝑷 ∙ 𝒆 + 𝛾1"𝑡𝑟[i𝑾bΛ
"
#k

(
∙ i𝑾bΛ

"
#k] (11) 

where 𝑷 is a positive-definite matrix valued  𝑅)0), and 𝛾 is a tuning parameter that is a positive constant. The time derivate of 
the Lyapunov function can be expressed as Equation (12). 

𝑉̇ = 2 ∙ 𝒆( ∙ 𝑷 ∙ 𝑒̇ + 2 ∙ 𝛾1" ∙ 𝑡𝑟 m∧∙ 𝑾b( ∙ 𝑾ȧn (12) 

Equation (12) can be rewritten as Equation (13). 

𝑉̇ = 𝒆( ∙ o𝑨𝒓( ∙ 𝑷 + 𝑷 ∙ 𝑨𝒓p ∙ 𝒆 − 2 ∙ 𝛾1"𝑡𝑟 iΛ ∙ 𝑾b( ∙ m𝛾 ∙ ∅ ∙ 𝒆( ∙ 𝑷 ∙ 𝑩 −𝑾ȧnk (13) 

where 𝑨𝒓( ∙ 𝑷 + 𝑷 ∙ 𝑨𝒓 = −𝑰  is the Lyapunov equation. 
 
To satisfy the requirement of stability, the time derivate of the Lyapunov function candidate should be a negative definition, 
which ensures the error will approach 0 asymptotically. Hence, 𝛾 ∙ ∅ ∙ 𝒆( ∙ 𝑷 ∙ 𝑩 −𝑾ȧ should be equal to 0. Therefore, the 
control signal can be expressed as Equation (14). 

𝐹 = −q[𝛾 ∙ ∅ ∙ 𝒆𝑻 ∙ 𝑷 ∙ 𝑩](𝑑𝑡 ∙ ∅ (14) 

Control framework 

Figure (2) presents the proposed control framework, the control signal to the loop-shaping controller is a displacement 
command, and the filter used in this paper is the second-order low-pass Butterworth filter with a cut-off frequency of 50 Hz. 
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Figure 2 Block diagram of the proposed control framework 

NUMERICAL SIMULATION AND EXPERIMENTS 

The transfer function of the shake table 

The transfer function of the hydraulic shake table system can be obtained by system identification. Equation (15) and Equation 
(16) shows the transfer function from servo valve voltage to the shake table displacement and acceleration. 
 

𝐺415 =
719s6 + 3.13e6s7 + 6.73𝑒9𝑠8 + 7.83𝑒13𝑠# + 3.95𝑒15𝑠

𝑠9 + 309𝑠: + 1.67𝑒5𝑠; + 3.2𝑒7𝑠6 + 6.77𝑒9𝑠7 + 7.5𝑒11𝑠8 + 5.98𝑒13𝑠#
(15) 

 

𝐺41) =
719s6 + 3.13e6s7 + 6.73𝑒9𝑠8 + 7.83𝑒13𝑠# + 3.95𝑒15𝑠

𝑠; + 309𝑠6 + 1.67𝑒5𝑠7 + 3.2𝑒7𝑠8 + 6.77𝑒9𝑠# + 7.5𝑒11𝑠" + 5.98𝑒13
(16) 

Simulation 

The simulation evaluation analysis was performed in MATLAB/Simulink, where the transfer function of the bare shake table 
was adopted to simulate the hydraulic shake table system. Two ground motions selected randomly from the Pacific Earthquake 
Engineering Research Center database [13] were used: RSN 4013 and RSN 1006, respectively. The acceleration time series 
curve is shown in Figure (2).  
 

 
Figure 3 Time series curve of the selected ground motions 

The comparison between the reference signal and the simulation results from MATLAB/Simulink is shown in Figure (4) and 
Figure (5), including the displacement, velocity, and acceleration results. The simulation results present that the proposed 
control framework is stable, and the simulated output of the shake table can reach the desired results. 

Reference Model
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Figure 4a Displacement results of RSN 4013 from simulation 

 

 
Figure 4b Velocity results of RSN 4013 from simulation 

 
Figure 4c Acceleration results of RSN 4013 from simulation 

 
Figure 5a Displacement results of RSN 1006 from simulation 
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Figure 5b Velocity results of RSN 1006 from simulation 

 

 
Figure 5c Acceleration results of RSN 1006 from simulation 

Experimental results 

The experiments were carried out in the Structural Engineering Laboratory at UBC. Figure (6) shows the experimental setup, 
which is a uniaxial shake table with a two-story frame. The testing results of the RSN 1006 are shown in Figure (7). 

 
Figure 6 Experimental setup [7] 
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Figure 7a Displacement results of RSN 1006 from testing 

 

 
Figure 7b Velocity results of RSN 1006 from testing 

 
Figure 7c Acceleration results of RSN 1006 from testing 

 

The normalized room mean square error (NRMSE) method is adopted to calculate the error between the reference signal and 
the measured output. The Equation of the NRMSE method is shown in Equation (17). The NRMSE of displacement is 0.7 %, 
the NRMSE of velocity is 3.6 %, and the NRMSE of acceleration is 10.3 %. 

𝑁𝑅𝑀𝑆𝐸 =
z∑ (𝑅< −𝑀<)#.

"
𝑁

max(|𝑅|)
(17) 

where R and M are the reference signal and the measured signal respectively. N is the total number of signal points.  
𝑖 is 𝑖!= signal point. 



 
Canadian-Pacific Conference on Earthquake Engineering (CCEE-PCEE), Vancouver, June 25-30, 2023 

 8 

CONCLUSIONS 

This paper proposed a nonlinear control algorithm to compensate for the CSI effect. The stability of the proposed nonlinear 
algorithm was valid by the Lyapunov theory first. Then the simulation and experiments were carried out to verify the stability 
and feasibility. The results present that the proposed control framework can be used in the nonlinear shake table control. 

FUTURE STUDY 

Comparison with classical control methods 

The shake table test with different masses put on the upper structure will be carried out to verify the performance of the proposed 
control framework, and the results will be compared with the traditional control method, such as PID control and loop-shaping 
control. The displacement feedback of the shake table will be measured by computer vision. 
 

Integration of computer vision methods into the control framework 

Computer vision has been recognized to provide effective solutions in various structural engineering applications such as 
damage detection of various structural systems and components [14-21], and structural vibration measurement [11, 22]. The 
proposed control framework requires structural vibration response from multiple upper floors. Therefore, it will be efficient to 
apply computer vision methods to provide contactless sensing feedback for the upper floors when executing the shake table 
tests. As an active ongoing study, the authors are actively investigating the possibility of computer vision for such purpose, in 
terms of the accuracy, speed, and robustness of various vision algorithms against various lighting conditions, as well as 
appropriate camera specs. Once validated, the proposed control framework will incorporate vision sensors to provide a real-
time contactless sensing solution, where a single camera can be used to capture the vibration response for multiple floors of the 
tested structures. This will greatly reduce the total sensor cost and complexity of sensor installation for the traditional shake 
table tests. 
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